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Abstract
(This Note replaces a former note which contains an incorrect
proof) .Let φ be an arbitrary generalized Gaussian (squeezed coherent
state), Λαβ = (α1Z × · · · × αnZ)×(β1Z × · · · × βnZ) a rectangular
lattice. We show that there exists a positive definite symplectic ma-
trix M (depending on φ) such that the multivariate Weyl–Heisenberg
system G(φ,MΛαβ) is a frame. In a forthcoming Note we will prove
a converse to this result.
1 Introduction
Let φ ∈ L2(Rn), φ 6= 0 and a lattice Λ ⊂ R2n. For z0 ∈ R
2n define the
Heisenberg operator T̂ (z0) : L
2(Rn) −→ L2(Rn) by
T̂ (z0)ψ = e
i
ℏ
(p0·x−
1
2
p0·x0)ψ(x− x0) (1)
(~ is a positive constant, usually taken to be 1/2pi in time-frequency anal-
ysis, and to h/2pi in quantum mechanics; h is Planck’s constant). The set
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G(φ,Λ) = {T̂ (z)φ : z ∈ Λ} is called a Weyl–Heisenberg (or Gabor) system.
If G(φ,Λ) is a frame in L2(Rn), i.e. [7] if there exist a, b > 0 such that
a||ψ||2 ≤
∑
z∈Λ
|(ψ|T̂ (z)φ)|2 ≤ b||ψ||2 (2)
for every ψ ∈ L2(Rn) then G(φ,Λ) is called a Weyl–Heisenberg (or Gabor)
frame.
Remark 1 The function z 7−→ (ψ|T̂ (z)φ) is, up to the factor (2pi~)n, the
cross-ambiguity function A(ψ, φ) = FσW (ψ, φ) (Fσ the symplectic Fourier
transform and W (ψ, φ) the cross-Wigner distribution).
A particularly interesting situation occurs when one chooses a Gaussian
window φ because Gaussians play a privileged role in both time-frequency
analysis and quantum mechanics [3, 4, 5, 7]. A classical result is the following
necessary and sufficient condition in the case n = 1, due to Lyubarski [11]
and Seip and Wallste´n [13]:
Proposition 2 Let φ1(x) = (pi~)
−1/4e−x
2/2~ (the “fiducial coherent state”)
with x ∈ R and Λαβ = αZ × βZ. The Gabor system G(φ1,Λαβ) is a frame
for L2(R) if and only if αβ < 2pi~.
This result has the following non-trivial extension, proven in [1, 2]:
Proposition 3 Let φ = φ1⊗·· ·⊗φ1 and Λαβ = (α1Z×·· ·×αnZ)×(β1Z×··
·×βnZ). Then G(φ,Λαβ) is a frame if and only if αjβj < 2pi~ for 1 ≤ j ≤ n.
The problem of constructing multivariate Weyl–Heisenberg systems G(φ,Λ)
with an arbitrary Gaussian φ and lattice Λ is reputedly difficult and has
been tackled by many authors (see the comments in [9], and the review in
[8]). That problem however becomes more easily tractable if one recasts it
in terms of phase-space objects such that Heisenberg operators and cross-
Wigner function, which allows one to uses the full power of the symplectic
covariance machinery familiar to mathematical physicists working in phase
space quantum mechanics [4, 5]. We are going to show that:
Proposition 4 Let the lattice Λαβ = αZ
n×βZn be defined as above; let φX,Y
be a “squeezed coherent state”, that is a Gaussian of the type
φX,Y (x) =
(
1
pi~
)n/4
(detX)1/4e−
1
2~
(X+iY )x2 (3)
2
where X + iY is a complex symmetric n × n matrix with real part X > 0.
Let G = STS be the positive definite symplectic matrix where
S =
(
X1/2 0
X−1/2Y X−1/2
)
. (4)
The Weyl–Heisenberg system G(φX,Y , G
−1/2Λαβ) is a frame if and only if
αjβj < 2pi~ for 1 ≤ j ≤ n.
2 Two Lemmas
Let Mp(2n,R) be the metaplectic group; we denote by piMp : Mp(2n,R) −→
Sp(2n,R) the natural projection onto the symplectic group. Recall that
Mp(2n,R) is a double cover of Sp(2n,R) consisting of unitary operators on
L2(Rn) [3, 4, 5]. We recall the following covariance property of the Heisenberg
operator:
ŜT̂ (z) = T̂ (Sz)Ŝ , S = piMp(Ŝ). (5)
Lemma 5 Let G(φ,Λ) be a Weyl–Heisenberg system, and Ŝ ∈ Mp(2n,R),
S = piMp(Ŝ). Then G(φ,Λ) is a frame in L2(Rn) if and only if G(Ŝφ, SΛ) is
a frame in L2(Rn).
Proof. (See [5], Chapter 8). We have, using (5),∑
z∈SΛ
|(ψ|T̂ (z)Ŝφ)|2 =
∑
z∈SΛ
|(ψ|ŜT̂ (S−1z)φ)|2 =
∑
z∈Λ
|(Ŝ−1ψ|T̂ (z)φ)|2
hence the result since ||Ŝ−1ψ|| = ||ψ||.
The second Lemma gives an explicit formula for the Wigner transform of
a squeezed coherent state. Recall that for φ ∈ L2(Rn)
Wψ(z) =
(
1
2pi~
)n ∫
Rn
e−
i
~
p·yψ(x+ 1
2
y)ψ(x− 1
2
y)dy. (6)
Lemma 6 Let φX,Y be the Gaussian (3). We have
WφX,Y (z) =
(
1
pi~
)n
e−
1
~
Gz2 (7)
3
where G ∈ Sp(2n,R) is the positive-definite matrix
G =
(
X + Y X−1Y Y X−1
X−1Y X−1
)
= STS (8)
where the symplectic matrix S is given by (4).
Proof. See [4, 5].
3 Proof of Proposition 4
Recall [4, 5] the following symplectic covariance property of the Wigner trans-
form:
W (ψ, φ)(S−1z) = W (Ŝψ, Ŝφ)(z). (9)
We note that G(φ,Λ) is a frame if and only if G(cφ,Λ) is a frame when c ∈ C
is a complex number.
The matrixG defined by (8) in Lemma 6 is both positive-definite and sym-
plectic hence there exists U ∈ Sp(2n,R)∩O(2n,R) such that UGUT = D is
diagonal [3, 4]. Let λ1, ..., λ2n be the eigenvalues of G. Since the eigenvalues
of a positive-definite symplectic matrix occur in pairs (λj, 1/λj) we may as-
sume that λ1 ≥ ... ≥ λn ≥ 1, hence these eigenvalues λj can be ordered as
follows: λ1 ≥ · · · ≥ λn ≥ 1 ≥ λ
−1
n ≥ · · · ≥ λ
−1
1 . We thus have
G = UTDU = UT
(
∆ 0
0 ∆−1
)
U
with
∆ = diag(λ1, ..., λn) (10)
and hence
G−1/2 = UT
(
∆−1/2 0
0 ∆1/2
)
U ∈ Sp(2n,R).
We are going to show that the Gaussian φX,Y becomes a tensor product
of elementary one-dimensional Gaussians if transformed by a suitable meta-
plectic operator. Let in fact ŜG ∈ Mp(2n,R) be one of the two metaplectic
operators such that piMp(ŜG) = G
−1/2. Formulas (7) and (9) imply that
W (ŜGφX,Y )(z) = W (φX,Y )(G
−1/2z) =
(
1
pi~
)n
e−
1
~
|z|2 (11)
4
and hence ŜGφX,Y = cφ1 ⊗ · · · ⊗ φ1 for some complex constant with |c| =
1. Thus, in view of Lemma 5, G(φX,Y , G
−1/2Λαβ) is a frame if and only if
G(φ1⊗· · ·⊗φ1,Λαβ) is a frame. But this is the case if and only if αjβj < 2pi~
for 1 ≤ j ≤ n in view of Proposition 3.
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